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A LEAP-FROG ALGORITHM FOR STOCHASTIC 
DYNAMICS 
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9747 AG Groningen, The Netherlands 

(Received April 1987; in final form July 1987) 

A third-order algorithm for stochastic dynamics (SD) simulations is proposed, identical to the powerful 
molecular dynamics leapfrog algorithm in the limit of infinitely small friction coefficient y .  It belongs to 
the class of SD algorithms, in which the integration time step At is not limited by the condition At < y-'  , 
but only by the properties of the systematic force. It is shown how constraints, such as bond length or bond 
angle constraints, can be incorporated in the computational scheme. It is argued that the third-order 
Verlet-type SD algorithm proposed earlier may be simplified without loosing its third-order accuracy. The 
leap-frog SD algorithm is proven to be equivalent to the verlet-type SD algorithm. Both these SD 
algorithms are slightly more economical on computer storage than the Beeman-type SD algorithm. 

KEY WORDS Stochastic dynamics, Langevin equation, leap-frog algorithm, computer simulation, 
Brownian dynamics. 

1 INTRODUCTION 

Over the last two decades the method of computer simulation of many-particle 
systems, such as liquids, solutions and macromolecules, has developed into a variety 
of techniques that are applied to a wide range of physical and chemical systems. An 
impressive overview of the state of the art in the field of molecular dynamics is given 
in [l]. Classical molecular dynamics (MD) solves Newton's equations of motion 

a&) = q ( t )  (1.1) 

m,%4 = t;;C{Xl(t>)> ( 1  -2) 
for a system of N particles. The index i labels particles and Cartesian components 
( i  = 1, 2 . . . , 3 N ) .  The x-, y -  or z-coordinate of a particle is denoted by x,, its mass 
by m, and the Cartesian components of the velocity by vi. The systematic force 8 is 
to be derived from a conservative force field V ( { x l } )  

This potential function V describes the interaction between the particles, which 
generally depends on the coordinates of all particles, denoted by (x i ( t ) } .  

When a large system is simulated, it is generally desired to keep the number of 
degrees of freedom as low as possible. When a certain subset of particles (labelled by 
index a) can be distinguished, of which the details of their motion is not relevant, these 
particles can be omitted from the detailed MD simulation. However, the forces they 
exert on the remaining particles (labelled by index i) must be represented as faithfully 
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114 W.F. VAN GUNSTEREN AND H.J.C. BERENDSEN 

as possible. This means that correlations of such forces with positions and velocities 
of particle i must be incorporated in the equations of motion of particle i, while 
uncorrelated contributions can be represented by random forces. This brings us to the 
field of stochastic dynamics (SD). 

Part of the influence of the a-particles on the i-particles can be included in the force 
field V({x , } ) .  If the potential or force field V({x , ,  xa} )  is averaged over an equilibrium 
ensemble of u-particles, a potential of mean force 

Yn({xi})  = ( v({xi, x a } > > a  (1.4) 

is obtained. The force field V, for the i-particles now includes the average interaction 
with the a-particles. We shall not consider here how such potentials of mean force can 
be obtained. They modify the force field, but do not change the equations of motion 

However, the velocity-correlated and random parts of the forces exerted by the 
a-particles on the i-particles do modify the equations of motion of the latter. The 
random forces are related to the velocity-dependent friction forces by the second 
fluctuation-dissipation theorem [2-51. 

In the simplest case of SD, the random force is taken to have white-noise character, 
and no correlations between the various degrees of freedom are assumed to exist. 
Under these conditions the velocity-dependent frictional force becomes proportional 
to the instantaneous velocity of the particle involved. So, the second equation of 
motion is transformed into the stochastic equation: 

(1.1-1.2). 

m , W  = f X { x , W } )  - ~,Y,W + RAt) (1.5) 

The friction coefficient of a particle is denoted by y ,  and the random force by R,. 
The stochastic force R,(t) is assumed to be a stationary Gaussian random variable 

with zero mean and to have no correlation with prior velocities or with the systematic 
force: 

<R,(O)R,(t)) = 2 m l Y , k T , , f ~ , ~ ( ~ )  (1.6) 

W(R,)  = [2a(Rf) ] -”*  exp { - Rf/(2(Rf))} (1.7) 

(4)  = 0, (1.8) 

(v,(O)R,(t)) = 0, t 2 0, (1 -9) 

(F,(O)R,(t)) = 0, t 2 0. (1.10) 

Here (. . .) denotes averaging over an equilibrium ensemble, k is Boltzmann’s 
constant, T,/ is the reference temperature and W(R, )  is the (Gaussian) probability 
distribution of the stochastic force. A minor correction to Eq. (1.6) has been discussed 
in [3-51. 

The subject of the present paper is to present a new algorithm for integrating the 
stochastic equations (1.1, 1 S). It is the SD equivalent of the well-known leap-frog MD 
algorithm for integration of Eqs (1.1, 1.2). Section 2 contains a brief introduction to 
the most important MD and SD algorithms. In section 3 the leap-frog SD algorithm 
is derived. In section 4 it is shown how the computational scheme has to be changed 
when holonomic (bond length) constraints are introduced into the system of particles. 
Section 5 contains a short discussion of various aspects of the algorithm. 
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A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS 175 

2 ALGORITHMS FOR MOLECULAR DYNAMICS AND STOCHASTIC 
DYNAMICS 

Properties of various MD algorithms have extensively been discussed in [6, 71. Here, 
we briefly review some basic points relevant to the SD algorithm to be derived. 

Equation (1.5) differs from Eq. (1.2) only by the presence of the velocity-dependent 
frictional term and of the random force term. This means that an MD algorithm 
designed for integration of (1.1, 1.2) can be generalized to an SD algorithm for 
integration of Eqs (1 .l, 1.5), if it belongs to the class of open integration methods [?I. 
The three open MD algorithms that are most widely used in molecular dynamics 
studies are the Verlet [8], leap-frog [9] and Beeman [lo] algorithms. The three 
algorithms produce exactly the same trajectory and are thus equivalent. They possess 
the useful property of being invariant upon time reversal. This implies that the total 
energy, which is a constant of motion, shows essentially no drift. Although they are 
of third order in the integration time step At and so less accurate than higher-order 
Gear algorithms, they are much easier to use, require less storage and are more stable 
and efficient for large values of At [6, 71. In practice, it only makes sense to use 
higher-order algorithms when accurate dynamics is required based on accurately 
known forces (no random parts) and using a relatively small time step At, or when the 
forces are highly harmonic, which makes them predictable by higher-order deriva- 
tives. Algorithms that are of lower than third order are not efficient in MD of 
molecular systems [7, 111. This is because molecular potential functions V have 
generally positive second derivatives, requiring a third- or higher-order algorithm. 

The Verlet algorithm [8] consists of the equation: 

~ ( t ,  + At) = 2x(t,) - x(tn - At) + m-lF(t , )  (At)* + O[(At)4]. (2.1) 

Here the index n denotes the nth integration step and the indices denoting particles and 
Cartesian components have been omitted. Formula (2.1) can be derived by expanding 
both x(z, + At) and ~ ( t ,  - Ar) in a Taylor series in At and subsequently adding up 
the two equations. We not that only even powers of A t  occur in Eq. (2.1); the 
algorithm contains no explicit velocities and the third-order terms cancel. If velocities 
are required, they are usually obtained by the formula 

v(t,) = ( X ( t n  + At) - ~ ( t ,  - At)}/(2At) + O[(At)’] (2.2) 

v(t, + At/2)  = v(t, - At/2) + m-’F( t , )At  + O[(AQ3] (2.3) 

~ ( t ,  + At) = ~ ( t , )  + ~ ( t ,  + At/2)At + O[(At)’] (2.4) 

The leup-frog algorithm [9] consists of two equations 

and 

Its name is based on the fact that it uses coordinates and velocities at alternating time 
points t,, , tn + At/2, etc. Formula (2.3) can be derived by expanding both v(tn + At/2) 
and v(t, - At/2) in a Taylor series in At/2 and subsequently subtracting the two 
equations. Formula (2.4) is obtained similarly by expanding both ~ ( t , + , , ~  + At/2) and 
~ ( t , , , , ~  - At/2) in a Taylor series and subtracting the two equations. We note that 
the third-order terms in (2.4) do not cancel. However, it is easily proved that Eqs (2.3, 
2.4) are exactly equivalent to Eq. (2.1). This means that the leap-frog algorithm is a 
third-order algorithm, just as Verlet’s is. The leap-frog algorithm has the advantage 
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176 W.F. VAN GUNSTEREN A N D  H.J.C. BERENDSEN 

that the velocities explicitly appear in the integration scheme, which allows for a 
coupling of the system to a thermal bath. 

The Beeman algorithm [lo] looks very different. 

X ( t ,  + At) = ~ ( t , )  + ~ ( t , )  At + 2/3m-'F(t,) (At)' - 1/6m-'F(t, - At) (At)' 

+ o [ ( A ~ ) ~ I  (2.5) 
and 

v(t, + At) = v(t,) + 1/3m-'F(t, + At)At + 5/6m-'F(t,,)At 

- 1/6m-'F(t,  - At)At + O[(At)'] (2.6) 
Yet it is exactly equivalent to the Verlet and leap-frog schemes [7, 12, 131. Since the 
Beeman algorithm is more complicated and requires more storage than the other two 
equivalent algorithms, there sem to be no good reasons for its use. 

When integrating the stochastic equations (1.1, lS), the same type of algorithms 
can be used as when solving (1.1, 1.2) in ordinary molecular dynamics. The relation 
between the time step At and the accuracy obtained by the algorithm is determined 
entirely by the form of the systematic force F i n  Eqs (1.2) and (1.5) and not by the 
friction term or the random force. The two latter terms can directly be integrated, 
since they do not depend on the coordinates 8141. 

The earliest SD algorithms were all of second order, and so of low efficiency. 
Therefore we will not discuss them here. In recent years two third-order SD 
algorithms have been proposed independently [ I  1, 151. Allen [15] has given the SD 
equivalent of the Beeman algorithm. The SD equivalent of the Verlet algorithm has 
been derived in [l 13. In the following section we will derive the SD equivalent of the 
leap-frog algorithm. 

3 A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS 

In this section we derive a SD algorithm that is identical to the MD leap-frog 
algorithm in the limit of zero friction (y = 0). 

Solving the linear, inhomogeneous first-order differential equation (1.5) one finds 

v(t) = v(t,) exp [- y ( t  - t,)] + m-' exp [- y ( t  - t.11 j' exp [- y(t,  - t')] 
1" 

x (F(t') + R(t')} dt', (3.1) 
where indices denoting particles and Cartesian components have been omitted. Since 
the stochastic properties of R(r') are known (Eqs (1 .&1. lo)), the integral over R(t') 
can be obtained directly. The integral over F(t') is obtained by expanding F(t') in a 
power series 

F(t )  = F(t,) + F'(t,) ( t  - t.) + O[(t - z,y (3.2) 
The derivative of the systematic force with respect to time at t = z,, is denoted by 
F(t,) .  Since the leap-frog scheme is a third-order algorithm, an expansion of F( t )  up 
to second order suffices. Expansion (3.2) is valid only in the limit of small friction 
coefficients y. This can be understood by noting that the systematic force F ( ( x ( t ) } )  
depends on the coordinates that must satisfy the Langevin equation (1.5); this 
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A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS 

equation includes apart from the systematic force two extra terms, the frictional force 
and the random force, which will influence the dependence of x(t) on time. In the high 
friction limit the latter terms will dominate in Eq. (1 S), in which case inclusion of the 
derivative of the systematic force would make no sense. Therefore, we will omit from 
the formulae below all terms beyond third order in At in the coordinates and beyond 
second order in the velocities. 
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Performing the integration in Eq. (3.1) we find 

~ ( t )  = ~( tn )  ~ X P  [- ~ ( t  - tn)I + (my)-’ Fi(tn) [1 - ~ X P  [- ~ ( t  -tn)II 

+ ( m r Y  W , )  [ y ( t  - t,) - [1 - exp [-  r(t - t,)111 

+ m-’ exp [- y(t - t,,)] s’ exp [- y (t, - t’)]R(t’)dt’ 
t” 

+ o[(t - t,i31 (3.3) 
Integrating the velocity over half a time step from t, to tn+,,2 = tn + At12 we find 

v(t, + At/2) = v(t,) exp (- yAt/2) + (my)-’F(t,) [l - exp (- yAt/2)] 

+ (my*)-’P’(t,) [yAt/2 - [l - exp (- yAt/2)]] 

+ m-I exp [- yAt/2] r+At’2 ” exp [-y(t, - 

x R(t’)dt’ + O[(At)’] (3.4) 
For the fourth term, which is a random variable, we use the notation: 

.+Ar/2 

I” 
V,(At/2) = m-’  exp [-yAt/2] exp [-y(t, - t’)]R(t’)dt’ (3.5) 

If we write Eq. (3.4) with - A t  instead of At, multiply the obtained equation by exp 
[ - yAt] and substract it from Eq. (3.4), the term involving v(t,) is eliminated and we 
find 

v(t ,+ljz)  = v(t,-1,2) exp (- yAt) + mp’F(t,)At(yAt)-’ [I - exp (- yAt)] 

+ V ,  (At/2) - exp (- yAt) Y,  (- At/2) + O[(At>’] (3.6) 
where the term involving F‘(t,) has been omitted, since it is of third order in At. When 
y + 0, this formula reduces to Eq. (2.3), which is the velocity formula of the leap-frog 
algorithm. 

The positions are obtained by integrating Eq. (1.1) from time 

t,,l/2 = t ,  + At12 

x(t) = x(tn+l/z) + jI‘ “+I12 ~ ( t ’ )  dt’ (3.7) 

If we use in Eq. (3.7) formula (3.3) for v(t’) with t, replaced by t,+,,z, perform the 
integrations and reduce the double integral over R(t’) using partial integration, we 
find for t = t,+,12 + At/2: 
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I;;;,; + w z  [I - exp [- y(tn+llz + At/2 - t’)]]R(t’) dt’ 

+ o [ ( A ~ ) ~ I  (3.8) 

For the fifth term in Eq. (3.8), which is a random variable, we use the notation: 
1,+1/2+A1/2 

*” t 112 
xn+,/Z(At/2) = (my>-’ j [ I  - exp [ - y ( t n + l / Z  + At/2  - t’)]]R(t’) dt’ 

(3.9) 
If we write Eq. (3.8) with -At  instead of At and subtract it from Eq. (3.8), the term 
involving X(r f l+ , l z )  is eliminated and we find 

x(tn+l) = x(tn) + v(tn+l/2) At (yAt)-’  [ ~ X P  (+ yAt/2) - ~ X P  (- yAt/2)I 

+ xn+l,z ~ 2 )  - J L + ~ , ~  (- ~ 2 )  + o [ ( ~ t ) ~ i  (3.10) 

where the terms involving F(t,+’ ?) and F’(t,,+ have been omitted since they are of 
third order in A?. When y -+ d, this formula reduces to Eq. (2.4), which is the 
coordinate formula of the leap-frog algorithm. Although Eq. (3.10) seems to be of 
order (At)3,  the SD leap-frog algorithm derived above is actually of order (A?)4 in the 
positions. This can be understood using the same line of argument as in section 2. In 
section 5 the equivalence of (3.6, 3.10) with a third-order stochastic Verlet algorithm 
will be shown. 

When the SD leap-frog algorithm Eqs (3.6, 3.10) are used, it must be noted that 
V,( - At/2)  is correlated with X,- 1/z(At/2),  since they are different integrals of R(t )  over 
the time interval ( tn- , ,2 ,  t , )  

(3.1 1) 
~ n - ~ / z + A ~ 1 2  

1”- 112 
K(- At/2)  = m-’ J” (-) exp [- y(ffl-112 - t’)]R(t’) dt’ 

and 
+A1/2 

Xn-, ,2(At/2) = (my)-’ Jl1”-’” [ I  - exp [-  y ( t , - 1 , 2  + At/2 - t’)]]  R(t’)  dt‘ 
n-l /2  

(3.12) 

The same observation holds for the other pair of random variables - At/2) and 
V,(At/2) occurring in Eqs (3.6,3.10). These are different integrals of R(t) over the time 
interval ( r n ,  t , ,+ l ,2 ) :  

in + Ar/2 
Xn+l,2(- At/2)  = (my)-’ j, (-) [ I  - exp [- y(t,  - t’)]]R(t’) dt’ (3.14) 

and 

V,(At/2) = rn-’ Jl:+A1lz exp [- y(tn + At/2 - t‘)]R(t’) dt’ (3.15) 
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A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS 179 

In both cases the pair of random variables obeys a bivariate Gaussian distribution 
[16]. The parameters of these two bivariate distributions and the way of sampling 
from them will be subsequently discussed. 

The bivariate Gaussian distribution for the first pair of random variables (3.1 1, 
3.12) reads 

W(x.-l/2(At/2), V ,  (- At/2)) = [4n2a:c4 [I - s2]]-'/' exp { - [~&l$~/~(At/2) 

- 201~2~X,-~/2(At/2) K(- At/2) 

+ D:V,' (- At/2)]/[2a:d [l - d]]} (3.16) 

The parameters ol, o2 and s of this distribution can be determined by evaluating the 
quantities (XiLIl2(At/2)), (Vi(- At/2)) and (Xn-1,2 (At/2)V,(- At/2)) using (3.11, 
3.12) and the property (1.6) 

(R(t)R(t')) = 2mykT,,S(t - t ')  

We find 

u: = (V,'(- At/2)) = s f [ e x p  (+ yAt) - 11, 
m 

kT, 
~ 0 1 0 2  = (Xn-lp(At/2) V ,  (- At/2)) = 1 D(yAt/2), 

my 

o:[l - s2] = a: - (~a,a,)~/a~ = sfB(yAt/2)/C(yAt/2) 
m 

and 

s02/5, = (sol a2)/d = yD(yAt/2)/C(yAt/2), 
where [l 11 

C(yAtl2) = yAt - 3 + 4 exp (- yAt/2) - exp (- yAt), 

D(yAt/2) = 2 - exp (+ yAt/2) - exp (- yAt/2) 

and 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

B(yAtl2) = yAt[exp (+ yAt) - 11 - 4 [exp (+ yAt/2) - 112. (3.25) 

Sampling in a bivariate distribution such as (3.16) is generally performed by first 
sampling one variable from its distribution, and subsequently sampling the other 
variable from its conditional distribution, given the value obtained for the first 
variable [ 161. The distribution for X#-,/2(At/2), irrespective the value of V,( - At/2), is: 

W(Xn-l/2(Ai/2)) = [2n~:]-'/~ exp { - X,2-I,2(At/2)/(2~:)} (3.26) 

and the conditional distribution for K(  - At/2), given a specific value of X,-,,,(At/2), 
reads [ 161 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
2
0
:
0
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



180 W.F. VAN GUNSTEREN AND H.J.C. BERENDSEN 

W(V,(- At /2) (X, - l i z (At /2) )  = [2no: [l - ? I ] - ’ / ’  exp { -  [V,(-  At/2) 

- ~~Z/~l~fl-I/2(~~/21l2/[20: [1 - s‘l1) (3.27) 
Correspondingly, the bivariate Gaussian distribution for the second pair of random 

variables (3.13, 3.14) reads 

W ( K ( A t / 2 ) ,  Xn+l/2(- At/2)) = [4n2p:p:[1 - Y ~ ] ] - ~ ~ ~  exp { -  [P:Vi(At/2) 

- 2p,p , rK(At /2)  Xfl+1,2(- 

+ d x n + l / 2 ( -  A t / 2 ) 1 / [ 2 d d  11 - r’II> (3.28) 
The parametersp,, p 2  and r of this distribution can be determined by evaluating the 
quantities (V:(At /2) ) ,  (X:+l,2(-At/2)) and (V, (At /2)  ~ + , , ( - A t / 2 ) )  using (3.13, 
3.14) and the property (3.17). We find 

(3.29) 

(3.30) 

(3.31) 

k T,/ P: = <v,Z(At/2)> = y- (-1 [exp (- YAt) - 11, 

pi = (X,’,,,,(- At /2 ) )  = &I(-) C ( -  yAt/2), 

rp ,p ,  = (V, (At /2)  Xf l+1 ,2( -  At /2) )  = %’(-) D ( -  yAt/2), 

my2 

my 
k ref P : P  - r21 = P:  - ( ‘PIP2)2/P:  = 7 (-1 B ( -  YAt/2)/[exP(- YAt) - 11 
my 

(3.32) 
and 

V 2 I P I  = (rPIP2)/P: = 7-I D(- YAt/2)/kXP (- YAO - 11. (3.33) 

(3.34) 

The distribution for V,(At/2),  irrespective the value of Xfl+1,2( - At/2),  is 

and the conditional distribution for A’,,, 
reads 

W( K ( 4 t / 2 ) )  = [ 2 7 ~ p : ] - ~ ’ ~  exp { - Vi(At/2)/(2p:)} 

WA’,+,,z(- Atl2)lv,(At/2)) = [2w:[1 - w’2 exp { -  [ X + l / z ( -  4 2 )  

- At/2),  given a specific value of V,,(Ar/2), 

- ‘PZ/PI V,(At/21I2/[2P31 - ?Ill. (3.35) 
Now we may summarize the computational scheme of the leapyrog SD algorithm. 

1 .  Assume that x(t ,) ,  ~ ( t . - , / ~ )  and Xfl-,, ,(At/2) are known. When only x(t,,) is 
known, v(tn-,,2) may be sampled from a Maxwellian distribution at temperature 
T(c, and Xn-1,2(At/2) is sampled from a Gaussian distribution with zero mean and 
width (3.18). 

2. Evaluate F( t , )  from the potential V ( { x ( t n ) ] ) ,  using Eq. (1.3). 
3 .  Sample Y, from a Gaussian distribution with zero mean and width (3.21) and 

calculate 

K l -  At/2)  = xfl-l/2(At/2)YD(YAt/2)/C(YAt/2) + Y”. (3.36) 
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A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS 181 

Sample V,,(At/2) from a Gaussian distribution with zero mean and width (3.29) 
and calculate the velocities v(t,+ 

Sample Y, from a Gaussian distribution with zero mean and width (3.32) and 
calculate 

using Eq. (3.6). 
4. 

Xn+l/2(- A@) = V,,(At/2)y-’ D ( -  yAt/2)/[exp (- yAt) - 13 + Y,. (3.37) 

Sample X,, , /2(At/2) from a Gaussian distribution with zero mean and width 
(3.18) and calculate the positions x(t ,+, )  using Eq. (3.10). 

When computing the coefficients in (3.6), (3.10), (3.18), (3.21), (3.29), (3.32), (3.36) 
and (3.37) for small values of yAt the numerical accuracy should be watched. For 
example, the leading term in the expansion of B(yAt/2) in a power series in yAt/2 is 
of fourth order. So for small yAt formula (3.25) should not be used for evaluating 
B(yAt/2). Instead, the coefficients should be obtained from a power series expansion 
in yAt/2. These expansions are given in the Appendix. 

4 A LEAP-FROG ALGORITHM FOR STOCHASTIC DYNAMICS WITH 
CONSTAINTS 

In [ 171 we discussed the various ways in which holonomic, scleronomous constraints 
can be conserved when integrating the equations of motion of a set of particles. The 
most simple method turned out to be the procedure called SHAKE [18]. In this section 
we show how SHAKE can be incorporated in the leap-frog SD algorithm given in the 
previous section. 

The procedure SHAKE and its application have been reviewed in [19]. Its essential 
feature is that after each integration time step At the constraints are satisfied by 
adding displacement vectors to the position vectors of the particles that result from 
a non-constraint time step. The displacement vectors are determined such that the 
constraints are satisfied at the final positions. We will denote the application of 
SHAKE by 

This means that the positions x’(t,,+, ) that result from the non-constraint time step 
will be reset to give the constrained positions x(t,,+ ,). The direction of the displace- 
ment vectors ( x ( ? ~ + ~ )  - ~ ’ ( t , , , ~ ) )  is determined by the reference positions x(t, ) ;  that 
is, for each individual distance constraint, the displacement of the pair of particles 
involved is parallel to the vector from one particle to the other in the reference 
configuration [ 191. 

When the procedure SHAKE is used to impose constraints on the system, the 
computational scheme of the leap-jirog SD algorithm including constraints looks as 
fo 1 I ow s : 
1. Assume that x(t,),  ~ ( t , - ~ , ~ )  and X,-l/2(At/2) are known, that the positions x(t,) 

satisfy the constraints and that the velocities 7 ~ ( t ~ - ~ , ~ )  do not contain components 
along the the constraint directions, that is, they also satisfy the constraints. 
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Evaluate F( t , )  from the potential V({x( t , , )>) ,  in which the interaction terms 
acting merely along the constrained degrees of freedom are omitted. For example, 
when constraining bond lengths, the term in the potential V representing the 
covalent bond interaction is omitted, when computing F(rJ using Eq. (1.3). 
Compute the non-constrained velocities v’(tfl+ from (3.6), as specified in step 
(3) of the computational scheme for the non-constraint algorithm given in the 
previous section. Make these velocities satisfy the constraints by the following 
steps: 
(a) Compute 

X’(h+l )  = X ( t J  + v’(tfl+112) A t W - ’  [exp (yAt/2) - exp (- YAt/2)1 (4.2) 

(4.3) 

[X”(t“,l> - X(tn)l/[At(YAf)-l [exp (yAt/2) - exp (- yAt/2)11 (4.4) 

(b) Perform 

SHAKE (x(t.), x’(tfl+1)9 x”(tn+ 1)) 

(c) Obtain the shaken velocities from 

4 t n + l , z )  = 

4. Compute the quantities X,+,, ,(-At/2) and X,+,,,(At/2) as is specified in step (4) 
of the computational scheme for the non-constraint algorithm given in the 
previous section. Compute the non-constrained positions x”’(tn+ I )  from 

X ’ ” ( f n + l )  = x”(t,+,> + X”,l/,(At/2) - Xn+1,2(- AtP) (4.5) 

SHAKE (X ( f“ ) ,  X”’(f”+ I )* I N- (4.6) 

and make them satisfy the constraints by performing 

When the initial positions ~ ’ ( t , )  and velocities v ’ ( t ~ ~ , ~ )  do not satisfy the con- 
straints, they may be shaken in the following way. The positions x’(t,) can be made 
satisfy the constraints by taking the reference positions x”, equal to x’(to), and 
performing 

SHAKE (x”, ~ ’ ( t , ) ,  x(t,)) (4.7) 
The resulting positions x(to)  are the shaken initial positions. When ~ ( t , )  satisfy the 
constraints, the velocities v‘(t- I,2) can be shaken by the procedure given in steps (3a-c) 
of the computational scheme, applied to x(ro) and ~ ‘ ( t - ~ , ~ )  with - Ar instead of At. 

5 DISCUSSION 

In [I21 Allen has shown that the Beeman SD algorithm, which he had derived earlier 
[I 51, is equivalent to the Verlet SD algorithm proposed by us in ref. [I  I]. Here, we will 
show that the leap-frog SD algorithm of section 3 is also equivalent to the Verlet SD 
algorithm of ref. [ l  I]. 

The Verlet SD algorithm of ref. [ 1 11 is slightly more complex than necessary. The 
final formula (2.6) in [ 1 11 does contain a term involving F’(t,), which is of fourth order 
in Al. However, in section 2 it has been argued that the positions need be determined 
only up to third order inclusive, as in the Verlet MD algorithm. Therefore, the Verlet 
SD algorithm of ref. [I  11 can be simplified. The terms involving F’(t,) in formulae 
(2.6) and (2.22) and all steps involving F(t,)  in the computational schemes may be 
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omitted. This also means that the systematic forces F(t,,-,) do not need to be stored. 
When making these simplifications, the formula for the Verlet SD algorithm reads 

x(t,,+l) = x(t,) [l + exp (- yAt)] - x(t , ,- l)  exp (- yAt) + m-'F(t,,) (At)'(rAt)-' 
x [l - exp (- yAt)] + X,(At) + exp (- yAt) X,(- At) + 0[(AO4], 

(5.1) 
with 

X,(At) = (my)-' r+'' [l - exp [- y(t,  + At - t')]] R(t') dt' (5.2) 
' n  

in accordance with the definition used previously in (3.9). The velocities, which are 
external to the operation of the algorithm, may be obtained from 

~ ( t , )  = [ x ( t n + l )  - x(t,-l)  + Xn(- At) - X(At)I(At)-' (YA~)/[~xP (+ 
- exp (- yAt)]. (5.3) 

The equivalence of the leap-frog SD formulas (3.6,3.10) with the Verlet SD formula 
(5.1) can be proved as follows. We start from Eq. (3.10) and substitute ~ ( t , + ~ / ~ )  using 
Eq. (3.6). In the resulting formula v(t, -1/2) is substituted by the expression obtained 
by writing in Eq. (3.10) (n - 1) instead of n. The result is 
x(t ,+, )  = x(t,) [l + exp (- yAt)] - ~ ( t , - ~ )  exp (- ?At) + m-IF(t,)  (At)'(yAt)-l 

x [1 - exp (- rA01- &P ( Y A m  - exp (-- rAt/2)l/(rAOI 
+ X + l A A t P )  - X , + l / z ( -  At/2) + [V,(At/2) - exp (- YAt) 
x K (- At/211 [exp (yAt/2) - exp (- YAt/2)l/Y + exP (- YAO 
x [ x n - I / z ( -  At/2)l - xl-I/2(A~/2)1. (5.4) 

This expression is up to third power of At inclusive, equal to (5 .  l), as can be seen by 
expanding the factor within accolades in the third term in powers of yAt. The first 
three stochastic integral terms are equal to X,(At) and the last three are equal to 
exp (- yAt)X,( - At). This means that the leap-frog SD algorithm (3.6,3.10) is indeed 
a third-order algorithm, as was suggested in section. 3. 

As far as storage of intermediate vectors is concerned, the leap-frog and Verlet 
algorithms require less computer memory than the Beeman algorithm does. In the 
usual mode of operation, the last stores four vectors: ~ ( t , , ) ,  u(t,), F(t , )  and F( t , - , )  
[12]. The Verlet and leap-frog algorithms discussed here require storage of only three 
vectors: x(t,), x ( t , - l )  and X,-,(At) for the former and x(t,),  ~ ( t , - ' , ~ )  and X,_,,,(At/2) 
for the latter. 

In [17] we have discussed and have given references to various applications of SD 
algorithms such as the one derived here. Vesely [20] has given an algorithm for the 
more general case of non-white random forces, and Ciccotti and Ryckaert also 
integrated the generalized Langevin equations [21]. 

Finally we would like to mention a few promising applications of stochastic 
dynamics techniques. 
1. Stochastic dynamics can be used instead of molecular dynamics or energy mini- 

mization techniques in order to search the conformational space of a molecule for 
low energy conformations. 
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2. When an appropriate potential of mean force can be derived, describing the 
average effect of the solvent molecules on a solute molecule, the latter can be 
simulated by stochastic dynamics. The omission of solvent molecules would make 
an S D  simulation more efficient by a factor of 10-50 than a full MD simulation 
treating all solvent molecules with periodic boundary conditions. 

3. Application of stochastic dynamics allows one to vary the strength of the coup- 
ling of the atoms (through the friction coefficients y )  to the heat bath. This yields 
the possibility of studying the process of transfer of energy through a molecule. 

APPENDIX 

For small values of x = yAt or y = yAt/2, the coefficients of the algorithm should be 
evaluated using power series expansions. These are given below. 

[l - exp (- x) = x - 1/2x2 + 1/6x3 - 1/24x4 + 1/120xs 

- 1/720x6 + 1/5040x7 - O[X'] (A. 1) 

[expb) - exp(-y)] = 2y + 1/3y3 + 1/60ys + 1/2520y7 + Ohg] (A.2) 

[ I  - exp (-2y)l = 2y - 2y2 + 4/3y3 - 2/3y4 + 4/15ys 

- 4/45y6 + 8/315y7 - 0b8] (A.3) 

+ 769/453600y10 + Ob"3 6 4 )  

+ 127/90720y9 - Ob'O] ( A 3  

D(j )  = - y2  - l/12y4 - 1/360y6 - 1/20160y8 - Ob'O] ( A 4  

B b )  = 1/3y4 + 1/3y5 + 17/90y6 + 7/90y7 + 43/1680y8 + 107/15120y9 

Cb) = 2/3y' - l/2y4 + 7/30ys - 1/12y6 + 31/1260y7 - l/160y8 

B(y)/C(j)  = 1/2y + 7/8y2 + 367/480y3 + 857/1920y4 + 52813/268800y' 

+ 22488 1 /3225600y6 + 1341 523/645 1 2000y7 + Ob'] (A.7) 

y D ( ~ ~ ) / c ( y )  = - 3/2 - 9/8y - 71/160y2 - 81/640y3 - 7807/268800y4 

- 1971/358400y5 - 56417/64512000y6 - Ob'] ( A 4  

+ 31/1'81440yy - Ob"] (A.9) 

B(-y)/[exp ( - 2 y )  - 11 = - l/6y3 + 1/60ys - 17/10080y7 

D( - y) [exp (- 2y) - 13 = 1/2y + 1/2y2 + 5/24y3 + 1/24y4 + l/240ys 

+ 1/720y6 + 5/8064y7 + 0b8] (A. 10) 

For a 48-bit mantissa accuracy the analytical formulas of section 3 are accurate to 
better than 1 : lo6 when x = 2y = yAt > 0.05. For x < 0.05 this accuracy will be 
maintained if the expansions given above are used. 
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